Appendix E

Vector Spherical Harmonics

E.1 Spherical Harmonics

E.1.1 Legendre Polynomials
The Legendre polynomials are solutions to Legendre’s differential equation

d

2l b (@) + AP () = 0. (E.1)

dx

Equation E.1 has singular points at = +1 and can be solved for the interval
—1 < z <1 with a power series solution that terminates. This requires that
A =1(l+1) where [ is an integer. The standard forms fit P;(1) = 1 and the
solutions are odd or even polynomials of degree [ and are

P()(:E) =1

Pi(z) = =

Py(z) = %(3302—1)

Py(x) = %(5963—3%)

Py(z) = é(35x4—30x2+3)
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There is also a closed form solution, Rodrigues’ Formula,

Pa) = — (2L l($2—1)l (E.3)
T ol \de ' ‘
The Legendre polynomials have the parity

P (~a) = (~1)'Pi (). (B.4)

and are complete on the interval —1 < z <1,

/ dsP(a)Fi(z) = N (E:5)
> (1+3) @RE) = o) (E6)

l

Many applications of the Legendre polynomials deal with the unit circle
or the unit sphere and in those cases the argument x is the cosine of the
angle to the axis. In fact, given two vectors ¥ and 7 with the angle between
them 6, the form

1

=7

1 rl

2 / 12\ — <
= (r“—2rr'cosd +r 2 = ——P;(cos b E.7
( ) lz_%rl;_l 1 ( ) (E.7)

is the generating function for the P, functions and where r. is the lesser of
(r,7’) and r~ is the greater of (r,7’).
With cos 8 as argument Rodrigues’ formula, Equation E.3, becomes

(=1 d L
Py (cosf) = 1 \ d(cos ) (sinf) (E.8)
The Legendre polynomials satisfy the recurrence relations
(2l +1)cosfP(cost) = (I+1)Pi(cos)+1P_1(cosb)
(E.9)
L (Pra(cost) = (14 1) Pi(cosd) +cosf - (R(cos))
Toos g \Fi(cos = ) (cos cos 6 - (Fi(cos
(E.10)
L (Pa(cost) = ~IPi(cos) +cos 0 (R(cosh))
Toosg (Fi-1(cos = ) (cos cos § - (Fi(cos

(E.11)
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;2
sml edci)lsﬁ (Pi(cosl)) = P_1(cos@) — cosOP(cosb) (E.12)
in?0 d
(Sllj_ 1) dcosd (Pi(cosl)) = —Pri(cosh)+ cosOP(cosh)
(E.13)
cosf
/ (204 1) P(cos8)d (cos8') = [Piy1(cosd) — P_1(cosb)].
0
(E.14)
d
(2l +1) P(cost) = Toosd {P+1(cosf) — P_1(cos )} (E.15)

Equations E.14 and E.15,which are the same recursion relation, and are valid
only for [ > 0. For [ = 0 it is trivial, replace P_; by 1.
There are also some useful integral relationships,

2
/0 Py (cos@)dd = 7 { [Sll')]; } (E.16)

201(21 + 2)!
(2264171 (21 + 1)1

/P2l+1 (cosf)cosfdfd = 7 (E.17)
0

/ P, (cos0) sin (m0) df
0

(m+l—-1)(m+1-3)---(m—1+1)
m+l)(m+1-2)---(m—-=1)
(E.18)

Equation E.18 is valid only when [ < m and (I +m) is odd; otherwise it is
zZero.
Other useful formulas are

a 5-2l
(20 +1) (cos)” = Py(cosb)+ ST 3P2(cos 0)

9.21(2 - 2)
(21 +3) (21 +5)
7-21
(21 + 3) (cos )* = 3Py(cos0) + ST 5P3(cos 6)
L 11211-2)
(20 +5) (2L +7)
P(cosf) = (20 —1)P_1(cos) + (2l — 5) P_3 (cos )

+ (20 —9) P_5 (cosf) + - - (E.21)

Py(cosf) + - -+ (E.19)

Ps(cosf) + - -+ (E.20)

dcosf
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with Equation E.21 terminating when at the first negative index.

Since the Pj(cosf)’s are complete on the unit circle their relationship to
the rotations in one dimension is important. The generator of rotations in
this basis is id% and, using Equation E.21, we have

—idilePl(cos 0) = isin@{(2l —1)P_1(cosh) + (2l — 5) P_3 (cos )
+ (20 —9) P_5(cosf) +---} (E.22)

An even more important form can be found using the associated Legendre
polynomial, see Section E.1.2,

diQPl(cos 0) = P} (cos?). (E.23)

An important identity for two points, one at (1, ¢1) and the other at
(02, ¢2), on the unit sphere is

E.1.2 Associated Legendre Polynomials
The associated Legendre functions of the first kind are defined as

(1 _ x2)%m dl+m

2 ! _
ANl dgltm (#*—=1) mn=0,1,2,3... (E.24)

B (x)

Again for convenience, using as argument x = cosf and in terms of the
Legendre polynomials by

d
d cos@

P (cosf) = (sinfh)™ ( >m Pi(cosf) 0<m<I. (E.25)

They can also be written

(—=1)*™ (1 + m)! d

Py (cos 6) = 20 (1 —m)! (sin )~ (dcos&

)lm (sin0)?  (E.26)

For negative m, the P/ are given by

(I —m)!
(I 4+m)!

P = (-1 P (E.27)

Their parity is (I +m)

P () = (1) P (2) (E.28)
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They are solutions to Legendre’s differential equation,

* (1 -2 isz(w) + lU“)—% PMz)=0  (E.29)
da da 1—x

which in terms of cos @ is
d .92 d m m2 .
deosd <sm edCOSQPZ (COSG)) + (l(l +1) — — 29) P"(cos#) =0

S11

(E.30)
Some assocated Legendre functions for small [ and m are

P =1
P} = z=cosh; Pl=+1-212=5sinf

1 1 3
PY = 3 (32°—1) = 7 (Beos20+1); P} =3x\/1— 22 = 5 5in 20;

3
P;=3(1-2%) = 5 (1= cos26)

1 1

P) = 3 (52° — 3z) = 3 (5cos 360 + 3cosb);

P} = g\/l — 22 (53:2 ~-1) = %(Sin9+500839)
15
P? =15z (1- ;1:2) =7 (cos @ — cos 30)
3
2

1
P =15z (1 -2%)2 = Z5 (3sinf —sin30).  (E.31)

Important recursion relations are
(20 + 1) V1 - 22P (@) = PN @) — PP (), (E32)

=(l+m)l+m-1)P" )= (1—m+1)(I—m+2)P7 " (z), (E.33)

and
20+ 1D)aP(z) = (—m+ 1P} (x)+ (+m)P" (x) (B.34)
d m m m
(1=2)PF"x) = (I+1)2P"(@) = (= m+ )P (2) (B.35)
Other useful differential and integral relations are
d Lm Lim— _
— [(1 — 2?)? le(x)} = —(-m+1D)({+m)(1-22)2"""Pprl(a)

(E.36)
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o 204 m)!

/_1 Pl (x)P™(z)dx = CE m)!5nz (E.37)
1 m (P m):

[P = (%)

There is an integral form corresponding to Equation E.25,

l
pr(e) = (LEM) / dzl/ dzs - / Az Py(zm).  (E.39)
(I —m)
There is a generating function similar to Equation E.7,
2mm!sin™ 0 rl<
= —=P/", (cos0) (E.40)
[r2 — 2rr cos O + r2]™F lzg e

where again r. is the lesser of (r,7') and r~ is the greater of (r,r’).
E.1.3 Spherical Harmonics
The spherical harmonics are defined by

Y(f) = (-=1)™ i [214—; ! E; _T_ Z;:] ’ e™? P (cos 6) (E.41)

with 6 and ¢ being the usual polar angles of the unit vector # = sin § cos ¢z +
sin 0 cos ¢y + cos 0Z.

With the conventions here, Equation E.27, the complex conjugation of
the spherical harmonics are

Yy = (=) y (E.42)

The parity is
Y (=F) = (1) Y(). (E.43)
The spherical harmonics form a complete orthonormal set on the unit
sphere,

/

/ P (R (R) = SO

l

DO VREYT() = 6% (2 — Q) (E.44)

=0 m=-1
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where 62 (Q; — Q) is the solid angle delta function,
/ d*Q:0% (Q — Q) f (7) = f (7). (E.45)

and d?>Q; = sin 0dfda.
The spherical harmonics solve the partial differential equation

inf— +

1 0. 0 1 &
— 2y Ty =1+ 1) Y (). F.4
Lineaes 0 sin298¢2] ) =1+ DY) (E-46)

The Y;"(7) are an irreducible representation of rotations on the unit
sphere in the sense that the generators of the rotations are

L= [Fx (—N)] . (E.47)

(2

In particular, the z component is

e [ (0 s1a 1D
P (-9)], = [ X (T8r+9r&9+¢rsin08¢>]
. |l-0 +~ 1 0
B _ZZ'[qb(%_esmH@qﬁ]
.0
and thus
rym _ | = RN m o__ .0 m __ m
L., —{rx<—zV>LYl = —ig Y = my (E.49)

The forms for the other components are

e (), = o ooty
= i{sinqﬁge—kcotﬂcosgﬁ({ib] (E.50)
rx (=i9)] = i [y -]

. 0 ., 0
= —i [COS 9% - COtHSIqu)ad)] (E.51)
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Equation E.46 is a consequence of the fact that

L2Y™M(#) = Z [Fx (—zﬁ)L [Fx (—zﬁ)} Y(7)

)

I=T,Y,2
1 9 . 0 1 0*) om, s
N _[sin@(‘?@smefm+sin29&¢2}Y2 (7)
= 11+ 1)Y"™(7), (E.52)

see Section 77.
Since the Y;™’s are orthogonal and complete, the most general rotation-
ally invariant function of 71 and 79 can be expanded in the form

f(fr,2) = aYy™ (i) Y™ (a). (E.53)
l
Four especially important examples are

!
A Y Y)Y (Fa) = (2L + 1) Py (71 - 7o) (E.54)

m=—I

L 00 l . .
T =N N ik )Y (R (7), (E.55)

=0 m=—1
1
where j; (kr) = [5£]2 Jl_% (z) and Jl+% is the Bessel function of half integer
order,
L _ 47ri zl: LTy gy v () (E.56)
o T 2 e DN
and
ik (F—7) oo §
ik 0 (ko) by (krs) Y™ (7)Y (7 E.57
A |7 — | J ! !
=0 m=—1

where h; (kr) is the outgoing Hankel function.

E.2 Intrinsic Spherical Harmonics

Not all fields are scalar fields. In particular, the electromagnetic field is a
vector field. For each of the electromagnetic fields there are three fields at
each point that that form a vector and are thus related by rotations. Instead
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of talking about the three component fields, it is possible to separate the
effects of rotation on the component fields and the effects on the basis vec-
tors. The first step in this process is to bring the usual rotation relationships
for the basis vectors into a language that is similar to that the irreducible
representations of the rotation group. The basis vectors in the a three di-
mensional space already form an irreducible representation of the rotation
group but they do not follow the pattern of the ¥;™’s under rotations, see
Section ??. By transforming the basis to more appropriate basis, we can
find a set which acts like the Y™ triplet. Moving them into this form will
allow us to use powerful techniques of group theory to combine the effects
the rotation on the vector parts of the field, called intrinsic, with the effects
of the functional parts to be able to identify the forms that are irreducible
under rotations of both parts of the field.
Defining a new basis set, x,,,

N 1

o= gl

Xo = 2

. r . .
X, = ﬁ (z —1iy) (E.58)

and its inverse
. 1. N
T = —E (X1 - X—l)
. T N
y = ﬁ (X1 + X—l)
2 = X (E'59)
The phases of the x, are
f(: = (—-1)* X_p (E.60)

This set, X,, is an orthonormal basis for the expansion of any vector in
the sense that
)A(u/ ')A(# = Xu’ ' )A(M = 5u’u‘ (E61)
Any vector, A= a;T + ayy + a.Z, can be expanded

A= "aux, = a,x, (E.62)
H B
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with

= > b (E.63)

The coefficients a,, are

I S
ayg = XO'A’ZGZ

a_y = %, A= (ag —iay) (E.64)

with the inverse

ay = —=(az+a_1). (E.65)

The Inner product of two vectors is

A B = azby + ayby + a.b,

= Y ab,= > by (E.66)

p=1,0—,1 p=1,0—,1

Completeness of the basis is expressed by the unit dyadic

doodii= ). S X, X, (E.67)

i,j:x,y,z /‘L'/‘Ll:170771

I

Any point on the unit sphere is composed linearly from the basis Z, ¢, 2
and this provides a three dimensional irreducible representation of rotations
on the unit sphere. In this basis the rotations are generated by

(§)jk = icij (E.68)
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where 1, j, k range through the values z,y, z. In the space of basis vectors,
the spin operator is actually a dyadic; it maps the basis vectors onto basis
vectors. Its form is thus

«— >

S=1i1 X (E.69)
or taking the components of this equation
So= & §=id x
S.=2 §=i%x. (E.70)

For example, this produces the following terms for the z axis rotation:
(s:)& = iy
(s:)9 = -ia
(5:)z = 0 (E.71)

The X, are defined in such a way that they behave in the same way as the \%
under rotations on the unit sphere and are thus another three dimensional
irreducible representations of the rotations on the unit sphere, see Section ?7?.
Thus, they also satisfy the generator algebra

- 1 N
Sz X1 = 72X0
- 1 . .
SzXo = 72(X1 +X71)
= 1 R
Sz X1 = %Xo

= —1 R
SyX_, = %Xo
Sz 921 = >A(1
Sz )20 =0
Sz )271 = _X71

(E.72)
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using Equation E.61, the matrix operators are

) 0 5 0
ﬁ 0 0
(59), = | ;g
~ 10 0
(Z>uu’ - 8 8 01)’ (E.73)
and
<§2)uu’ - i:§2,3 (gi)uu”<ql)u”u/
w =1,0,-1
2 00
= 02 0. (E.74)
0 0 2

As expected, the generators of rotations for the new basis elements have
two diagonal elements

Z (gz) ,f(u’ = MXu

1=1,0,—1 Hi
3 (§2)W,>2w = 2%, (E.75)
w'=1,0,—1

E.3 Vector Spherical Harmonics

A vector field is a set of functions of coordinates attached to vector. Rota-
tions of the system are generated by

(/) =D 41 (5) " (E.76)

where Equation E.47 defines L and the (5) ) is given by Equation E.73.

The 1 preceding the intrinsic operators is the signal that the coordinates are
unchanged similar to the role of the 4,,, multiplying the L.
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By using the basis x, for the vector the effect of the rotations on the
intrinsic degrees of freedom, the vector directions, and the rotations of the
field coordinates as represented by the Y, can be combined. In this case,
the vector degrees of freedom are called spin degrees of freedom.

We can now construct the direct product forms.

ﬁvm;lyﬂ (f.) = }/lm (f.) )A(;L (E77)

These forms have the following eigenvalue relations with the generators:

Lzﬁ,m;l,u (7) = m}_}l,m;l,u (7)
LQ?Lm;l,u (f) =1 (l + 1) ﬁm;l,u (f)
SYimp (F) = p¥imp ()

Szﬁvmﬂw (f) = Zﬁ,m;l,u (f) . (E?S)

These forms are reducible representations of the rotation group when the
rotations are defined by the generators as given in Equation E.76. Defining

Vil @) = > e, 1, Jym, p, M) Vi (7)
mp
= ZC([,LJ;M = K 1y M) 1_}Z,M—/L;l,u (72) (E.79)
W

where the ¢ (,1, J;m, u, M) are the well known Clebsch-Gordon coefficients.
These reduced forms have the following eigenvalue properties

(L. + S) Y (7)) = MY} (7)
= N2 5 N
(L+8) PN () = JU+)TN ()
LY@ = 10+1)YH#)
SPYM (7)) = 2V () (E.80)

and thus are an irreducible representation of rotations.
These forms can be inverted to yield the product states,

Y‘l,m;l,u(f) = Z<lvm717M’J7M?l’1>?J]\l4(7A’)
JM
= Z<l,m,l,u!J,m+u,l,1>§7f\{[(f)
J

= <lm 1 pll+1Lm+pl 1>V, )
+ < lm, 1 pllm+ 11> Y (7)
+<lm, 1l =1,m+p,l, 1> VM, (7). (E.81)
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These irreducible representations are orthonormal

/ BPQRY T (7)Y M (F) = 65060 O (E.82)
and complete on the unit sphere,

SOV A TN () =T 8% (R — Q). (E.83)

JIM

In addition, the 37}{[ (7) are an irreducible representation of the group of
rotations on the unit sphere, see Appendix D.2.
Two useful relations are

I+1 R
Y (7)) = — [2;; 1] Ylﬁ-l (7) + [2l+1] Yt (), (E.84)
. ! S/d 1 .
Sy = - |yr] (41 f 0T )

I 12/d 1+1 .
Har| () rofr o ®ss)
Since
[ﬁx,f} —0 (E.86)

the curl operator connects only states with the same J and M;
1
— — ~ . l 2 d l + 2 —
Ox (10T 0) = iy () (FoTr)

2l+1]1
Tx (10T ) = i|g]
s

T (P @) = i[2l+1]%<$—l;l>(f<r>ﬁr) (B.7)

Similarly,

V- (Fovimm) = - [215111]% (5+ =2 wonme)

V- (remvire) = o
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With this set of equations, we can identify a more useful set of expansion
terms. The sets

1 1
J+17% ey J e
(1\31( ) = [2J+ 1] Y%—Nr) - [2J+1] Y%—l—l (7)
i) (7)) = Y @)
1 1
S(0) . J 2, . J+1 12 o .
J(J\BI (7) = [2J+1] Yo (F) + [2J+1] Y (7)) (E.89)

are called the Hansen vector spherical harmonics. The first two of these are
transverse, V - (f (r) 17}]6\2[ (f)) =V- (f (r) Y}T/l) (f‘)) = 0, and the third is
longitudinal, ¥V x ( £ )Y (f)) = 0.

The Hansen set, Equation E.89, is orthnormal

/dQQ,:?}j\L (7) - 57(](,"]\)4, (7) = 70017 iy (iry (E.90)

Z YO H) YO (#) =T 62 (0 — Q). (E.01)

As vectors in the ((e), (m), (0)) space, the }7}};\)/[, (7) are orthogonal in the
sense that }7}3\)4 (7) - ?J(;\//[) (7) = 0 unless (i) = (7).
These can be inverted to yield

- R J+1 J 0) /x
YM@) = YD)
1 1
¥ ~ J 2 = €) [ J+1]25 0) /A
That) = || TR+ 5] Te @)

Because of the transverse and longitudinal properties of the Hansen vec-
tor spherical harmonics, the differential operators on these are simple. Again
because of Equation E.86, V x connects only terms with the same J and M.

V x (f (r) ¥\ (f)) I <$ 420 1) (f (r) Y7 (f))

2J+1 r
O (f0RN0) = i (2 (107 o)

Vx (@) = o (E.93)
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The divergence of the Hansen vector spherical harmonics is simply
V- (F0TH) = 0

(F@YE @) = 0

(FOY5 @) =

< <L

(E.94)

It is interesting and important to note that for J = 0, the only non-
trivial Hansen vector spherical harmonic is the longitudinal vector spherical
harmonic, 171)(8 ) (7).





